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Abstract 

The traditional methodology of post-smoothing to develop norms used on educational 

and clinic products is to hand-smooth the scale scores or their distributions. This approach is 

very subjective, difficult to replicate, and extremely labor intensive. In hand-smoothing, the 

scores or distributions are adjusted based on personal judgment. Different persons, or same 

person at different times, will make significantly different judgments. By contrast, the kernel 

smoothing method is a nonparametric approach, which is more flexible, less subjective, and 

easier to replicate. Kernel smoothing has a small standard error and works well for either large or 

small samples. The process also has the potential for being fully automated. The kernel 

smoothing method has been applied in test equating, and it has shown promising results. The 

purpose of the study is to examine the use of the kernel smoothing approach to improve the post-

smoothing of test norms, specifically, removing reversals in CDF. 
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Introduction 

The traditional methodology to develop norms for educational productions consists of 

following steps: The first step is to obtain the scale score cumulative distribution functions 

(CDFs) of specific grades or age groups in a given content area for which the norms are being 

developed. This is followed by a Òpre-smoothingÓ step that involves the fitting of third- or 

fourth-degree polynomials to the CDFs in order to smooth out the statistical fluctuations in the 

data. Descriptive statistics (typically the first four moments) for the original and fitted 

distributions are reviewed, along with tables of key percentile ranks. The final step consists of 

examining plots of the CDFs across grades or age groups and post-smoothing. One of purposes 

in post-smoothing is to remove reversals in distributions. This is important in order to maintain 

the internal consistency of the norm sets. For an internally consistent set of norms, we would 

expect that percentile rank for a given score will be higher at say, grade 4, and lower at grade 5. 

When a reversal occurs, this expectation is violated. 

Currently, the traditional approach to post-smoothing educational and clinic products is to 

hand-smooth the scale scores (SS) or their distributions. This approach is very subjective, 

difficult to replicate, and extremely labor intensive. In hand-smoothing, the scores or 

distributions are adjusted based on personal judgments. Different persons, or same person at 

different times, will make significantly different judgments. 

Depending on different productions and their purposes, the processes of post-smoothing 

are different. For example, in some intelligence tests, the processes of post-smoothing are to 

adjust SS against raw scores (RS) with theoretical distribution (say, normal); in other 

achievement tests, the processes of post-smoothing are to adjust the percentile rank against SS or 

RS. The second process of achievement tests was used in current study. The process is similar in 

the first situation of intelligence tests.     

In the contrast, the kernel smoothing method is a nonparametric approach, which is more 

flexible, less subjective, and easier to replicate. Kernel smoothing has a small standard error and 

works well for either large or small samples. The process also has the potential for being fully 

automated. The kernel smoothing method has been applied in test equating, and it has shown 

promising results (von Davier, Holland, and Thayer, 2004). The purpose of the study was to 
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examine the use of the kernel smoothing approach to improve the post-smoothing of test norms, 

specifically, remove reversals in CDF. 

 

Method 

By definition of the univariate kernel density estimator (Wand & Jones, 1995; p. 42), 

following formula is a kernel density function 
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where K satisfies! =1)( dxxK . In equation (1), h is positive number and called bandwidth 

or smoothing parameter. When h is adjusted, the curve shape is changed. Then we could fit data 

or smoothing curve by choosing different values h values. Theoretically, we could choose any 

kernel density function. For this study we choose kernel cumulative distribution function 

described by von Davier, Holland, and Thayer (2004, p. 58), 
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In Equation (2), )(!  standards for the cumulative distribution function of the standard normal 

distribution, jr  represents probability of each score of j, xh  standards for bandwidth, or 

smoothing parameter, X  is test score, Xu  represents scoreÕ expectation, V  is independent of 

X and has the normal )1,0(N  distribution, and Xa  is defined by 
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is the variance of test score.  

For Equation (3), the following statements hold: 
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)( XhX  keeps the mean and standard deviation unchanged. From Equating (5), we know if we 

use a very small smoothing parameter (close to zero), )( XhX will be much close toX . This 

means we make a very small change to the original score distribution. From Equation (6), we 

know if we use a very large smoothing parameter (usually, ten times larger than X! ), we will get 

a distribution close to a normal distribution with a mean of Xu  and standard deviation of X! . 

Therefore, if we use different values of smoothing parameter, we will get different smoothed 

continuing score distributions.  

             The choice of the value of bandwidth h is more important than that of different kernel 

density function ((Wand & Jones, 1995; p. 13). However, sometimes we can not smooth data 

well by adjusting the value h. This makes sense because we can not adjust shape of the curve 

freely in whole score range by adjusting one parameter h. To increase the smoothing flexibility 

so that it can be used in the current study, the kernel smoothing function in Equation (2) needs to 

be revised based on the variable kernel density estimators (Wand & Jones, 1995; p. 42): 
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 .                                    (7) 

In Equation (7), )(!K  represents the kernel density and )( iXa  is the smoothing parameter. The 

main feature of kernel smoothing is Òdata speak for themselvesÓ (Wand & Jones, 1995; p. 3), 

which means that the data decide which function fits best. We need to look at the data obtained 

from different tests, then, we will decide if we have chosen enough parameters to smooth the 

distributions. We will increase other smoothing parameters if necessary. For example, we could 

increase parameters to adjust means, standard deviation or other score distribution moments.  

Theoretically, there are two criteria to evaluate the kernel smoothing results and in select 

bandwidth (von Davier, et al, 2004), namely, best fit and minimum number of modes. Best fit 

means that the smoothed CDFs should be as close to the original CDFs as possible; and 

minimum number of modes means that the smoothed CDFs should have as few modes as 

possible. The practical criteria for examining the results of kernel smoothing are: The lack of 
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reversals and minimum change to moments (mean, standard deviation, skewness, kurtosis, etc.) 

in the kernel smoothed norm sets. 

The revised kernel smoothing function used in this study was programmed using the SAS 

programming language. (Note that the PROC KDE function included in the SAS software does 

not have the flexibility of adjusting the smoothing parameters or including other smoothing 

parameters.) 

User data from a norm-referenced test were used for the study. The SAS programs 

developed were used to prepare the scale score distributions, pre-smooth the distributions, 

produce the descriptive statistics and CDF plots, and conduct the kernel smoothing. 

 

Results 

            Figure 1 presents the CDFs of scale scores for empirical data, which are unsmoothed and 

have reversals. For example, the curve of level 8 crosses over curves of levels 9 and 10 and there 

are reversals in low part of curves of levels 12 and 13. 
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Figure 1. Empirical Data CDF Plots  of Scaled Scores 
 
            Figure 2 presents pre-smoothed CDF plots, which still have reversals. The logistic model 

was used for fitting data and first four moments (mean, standard deviation, skewness and 
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kurtosis) were kept. The purpose of pre-smooth is to remove random errors. Any smoothing 

process might induce system errors too. We expected that total (random plus system) errors 

should be less after smoothing. 
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Figure 2. Pre-Smoothed CDFs Plots of Scaled Scores 
 
           Figure 3 presents post smoothed CDF plots using kernel smoothing technology, which 

had smoothed curves and had no reversals. A practical issue that we should consider in removing 

reversal is: when two curves cross over, do we need to lift one curve, to lower the other or to do 

both? For example, in Figure 2, the curve of level 8 crosses over curves of levels 9 and 10. To 

remove the reversal, we could take the approaches of (a). lifting level 8 curve; (b). lowering the 

levels 9 and 10 curves; (c). Conducting both (a) and (b). In the current study, we took the 

approach (c). We lifted the upper part of level 8 curve and lowered the upper part of level 9 and 

10 curves. 
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Figure 3. Post-Smoothed CDF Plots  of Scale Scores with Kernel Smoothing 
 
 
          Table 1 presents a comparison of moments between empirical data and smoothed data. We 

could see that means and standard deviations are much closed between unsmoothed and 

smoothed data with an exception of level 8, which has serious reversals with levels 9 and 10. 

When we remove the reversal by lifting upper part of the curve in level 8, the standard deviation 

goes down. There are minimal changes of skewness and kurtosis in most of curves. 
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Table 1. Moments Comparison between the Empirical Data and Smoothed Data 

Level N Data Mean STD Skewness Kurtosis 
3 45,896 Empirical 567.455 43.252 -0.21504 -0.21384 
  Smoothed 567.234      42.602     -0.25224     -0.22710     
4 42,317 Empirical 611.664 41.970 -0.07297 -0.03066 
  Smoothed  611.781      41.508     -0.11169     -0.07121     
5 41,018 Empirical 632.016 39.313 -0.03699 -0.04128 
  Smoothed 632.455      39.219     -0.04998     -0.07179     
6 43,271 Empirical 639.985 38.474 0.11664 -0.06873 
  Smoothed 640.448      38.412      0.10484     -0.09685     
7 42,423 Empirical 656.160 34.180 0.05560 0.07375 
  Smoothed 656.645     34.153      0.04837      0.05176     
8 41,998 Empirical 671.463 40.561 0.22591 -0.00054 
  Smoothed 670.715     33.402      0.17686     -0.04923     
9 39,110 Empirical 673.866 31.937 -0.06411 0.04721 
  Smoothed 674.362     33.010     -0.06444      0.08242     

10 36939 Empirical 681.053 32.727 -0.02112 -0.13725 
  Smoothed 681.547     32.717     -0.02332      0.04591     

11 26,458 Empirical 686.847 32.265 0.01191 0.01558 
  Smoothed 687.341     32.253      0.00839      0.13545     

12 20,942 Empirical 694.342 33.620 -0.10517 -0.03900 
  Smoothed 694.840     33.615     -0.10416      0.06529     

13 20,962 Empirical 703.788 39.589 0.11549 -0.01817 
    Smoothed 704.249     39.520 0.10294 -0.05056 

 

Discussion 

As we mentioned above, hand-smoothing is very subjective, difficult to replicate, and 

extremely labor intensive. With the Kernel smoothing method, we can obtain smoothing results 

more objectively, and easily document the smoothing parameters used in order to replicate the 

process. Considering that the typical multi-level achievement test series can require the 

production of dozens of norm sets, such an improvement in the process could yield considerable 

savings in labor costs while producing a better end product. 

           There are only 11 levels or groups in current example. While there are reversals in the 

data, they are not very serious. In some test norms, there might be about 50 groups (grades, 

levels or ages). The curves could be interwoven seriously, which makes hand smoothing very 

hard. A practical strategy under this situation with hand smoothing is: (a). Smooth in one curve 

(grade, level or age); (b). Copy the smoothed curve to other grade, level, or age; (c). Manipulate 

(shift or minor adjust) copied curve to meet criteria; (d). Repeat steps (b) and (c) until finishing 
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all curves smoothing. The approach makes all the norm curves look same or similar and loose 

the initial characteristics of the curves. Kernel smoothing technology could avoid this issue and 

make creating norm curves more reasonable. 

           Although we could see some reversals in curves, we could see the means in empirical data 

are in order, or monotonically increasing with levels increasing. This means that even reversals 

happen among curves, but not in empirical means. Under some circumstance, reversals might 

happen in means. For example, the mean of level 13 might be smaller than that of level 12. Then 

we need to adjust mean before doing post-smoothing. 

Parents, teachers, principals, and district-level administrators may consider norm-

referenced tests for providing information that is complementary to that of their state testing 

programs. Whereas NCLB tests have focused on criterion-referenced inferences, norm-

referenced inferences have been integral to most test publishersÕ catalog educational products. 

Our use of the kernel-smoothing approach takes an accepted statistical procedure that is being 

used in the testing community for test equating and extends it to deal with an important and 

practical measurement issue: The creation of accurate and informative norm-referenced testing 

information. 
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